Abstract Results of accurate computations of bound states in three-and four-electron atomic systems are discussed. Bound state properties of the four-electron lithium ion Li − in its ground 2 2 S-state are determined from the results of accurate, variational computations. We also consider a closely related problem of accurate numerical evaluation of the half-life of the beryllium-7 isotope. This problem is of paramount importance for modern radiochemistry.
Introduction
In this communication we consider the bound states properties of the negatively charged Li − ion in its ground 2 1 S(L = 0)-state, or 2 1 S−state, for short. It is well known that the 2 1 S-state is the only bound state in this ion. The electronic structure of this state in Li − corresponds to the 1s 2 2s 2 electron configuration. The negatively charged lithium ion has become of interest in numerous applications, since formation of this ion is an important step for workability of lithium and/or lithium-ion electric batteries (see, e.g., [1, 2] and references therein). Both lithium and lithium-ion batteries are very compact, relatively cheap and reliable sources of constant electric current which are widely used in our everyday life and in many branches of modern industry. However, it appears that the Li − ion is not a well studied atomic system. Indeed, many bound state properties of this ion have not been evaluated even for an isolated Li − ion in vacuum. In reality, it is crucial to know its bound state properties in the presence of different organic acids which are extensively used in lithium-ion batteries.
Our goal in this study is to determine various bound state properties of the fourelectron (or five-body) Li − ion and compare them with the corresponding properties of the neutral Li atom in its ground 2 2 S-state. The negatively charged Li − ion is here described by the non-relativistic Schrödinger equation H = E , where H is the non-relativistic Hamiltonian, E(<0) is the eigenvalue and is the bound state wave function of the Li − ion. Without loss of generality we shall assume that the bound state wave function has the unit norm. The non-relativistic Hamiltonian H of an arbitrary four-electron atom/ion takes the form (see, e.g., [3] ) 
whereh = h 2π is the reduced Planck constant, m e is the electron mass and e is the electric charge of an electron. In this equation and everywhere below in this study the subscripts 1, 2, 3, 4 designate the four atomic electrons e − , while the subscript 5 (= N ) denotes the heavy atomic nucleus with the mass M (M m e ), and the positive electric (nuclear) charge is Qe. The notation r i j =| r i − r j |= r ji in Eq. (1) and everywhere below stands for the interparticle distances between particles i and j. These distances are also called the relative coordinates to differentiate them from the three-dimensional coordinates r i , which are the Cartesian coordinates of the particle i. In Eq. (1) and everywhere below in this work we shall assume that (i j) = ( ji) = (12), (13) , (14) , (15) , (23) , (24) , (25) , (34), (35) and (45), for four-electron atomic systems and particle 5 means the atomic nucleus. Analogously, for three-electron atomic systems we have (i j) = ( ji) = (12), (13) , (14) , (23) , (24) and (34), where particle 4 is the atomic nucleus. Below only atomic unitsh = 1, | e |= 1, m e = 1 are employed. In these units the explicit form of the Hamiltonian H , Eq. (1), is simplified and takes the form
where Q is the nuclear charge of the central positively charged nucleus. For the negatively charged Li − ion we have Q = 3. Note that the stability of the bound 2 1 S-state in the Li − ion means stability against its dissociation (or ionization) Li − → Li(2 2 S) + e − , where the notation Li(2 2 S) means the lithium atom in its ground (doublet) 2 2 S-state. In general, the bound state properties of the neutral Li atom in its ground 2 2 S-state are important to predict and approximately evaluate analogous bound state properties of the negatively charged Li − ion. In this study such evaluations are considered carefully, but first of all we need to describe our method which is used to construct accurate wave functions for four-electron atomic systems. This problem is considered in the next Section.
Variational wave functions for four-and three-electron atomic systems
To determine accurate solutions of the non-relativistic Schrödinger equation H = E in this study we apply variational expansion written in multi-dimensional gaussoids. Each of these gaussoids explicitly depends upon a number of the relative coordinates r i j . For four-electron atoms and ions there are ten relative coordinates: r i j = r 12 , r 13 , r 14 , r 15 , r 23 , . . . , r 45 . In particular, for the singlet 1 S(L = 0)-states in four-electron atomic systems the variational expansion in multi-dimensional gaussoids takes the form (see, e.g., [4, 5] ):
where A 1234 is the complete four-electron anti-symmetrizer, C i (and G i ) are the linear variational coefficients of the variational function, while α i j , where (ij) = (12), (13), . . ., (45), are the ten non-linear parameters in the radial function associated with the χ (1) S=0 spin function. Analogously, the notation β i j stands for other ten non-linear parameters in the radial function associated with the χ (2) S=0 spin function. Note that these two sets of non-linear parameters α i j and β i j must be varied independently in calculations. Notations χ (1) S=0 and χ (2) S=0 in Eq. (3) designate the two independent spin functions which can be considered for the singlet 2 1 S-state, or (2 1 S | 1s 2 2s 2 )-electron configuration. The explicit forms of these two spin functions are:
where α and β are the single-electron spin-up and spin-down functions [6] . In numerical calculations of the total energies and other spin-independent properties (i.e. expectation values) one can always use just one spin function, e.g., χ (1) S=0 from Eq. (4). It follows from the fact that the Hamiltonian Eq. (2) does not depend explicitly upon the electron spin and/or any of its components.
For three-electron atomic systems considered in this study, e.g., for the Li-atom, the analogous expansion in multi-dimensional gaussoids is written in the form [4, 5] 
where A 123 is the complete three-electron (or three-particle) anti-symmetrizer, C i (and G i ) are the linear variational coefficients of the variational function, while α i j , where (ij) = (12), (13) 
The Hamiltonian of the three-electron atomic system (e.g., Li-atom) is
where all notations have the same meaning as in Eq. (2). The only difference with Eq. (2) is the fact that here we are dealing with the three-electron atomic systems. In particular, the index 4 means the heavy atomic nucleus with the electric charge Q (or Qe). Note also that the explicit forms of the three-and four-particle antisymmetrizers, optimization of the non-linear parameters and other important steps in construction of the variational expansions Eqs. (3)- (6) for four-and three-electron atoms, respectively, have been described in detail in a large number of papers (see, e.g., [7] [8] [9] [10] [11] and references therein). Here we do not want to repeat these descriptions of the four-and three-electron variational methods which are used for accurate numerical calculations of various few-electron atoms and ions. In the next two Sections we discuss results obtained for the negatively charged four-electron Li − ion and neutral three-electron Li atom, respectively.
Results for the negatively charged lithium ion
As mentioned above in this paper we consider the ground 2 1 S-state of the Li − ion with the infinitely heavy nucleus (i.e., the ∞ Li − ion). Our goal is to determine the total energy of this ion and expectation values of some of its properties. Such properties include a few powers of interparticle distances r n i j , where n = −2, −1, 1, 2, 3, 4 (for n = 0 each of these expectation values equals unity), electron-nucleus and electronelectron delta-functions, single electron kinetic energy 1 2 p 2 e , and a few others. As shown in the "Appendix" the electron-nucleus and electron-electron kinetic correlations p e · p N and p e · p e are not truly independent atomic properties. Therefore, there is no need to include those expectation values in Table 1 . Table 1 also includes the bound state properties of the ground 2 2 S-state in the neutral Li atom, which is a three-electron atomic system. All these properties are expressed in atomic units.
The expectation values of the different bound state properties computed for the four-electron Li − ion (or ∞ Li − ion) can be compared with the similar properties of the ground 2 2 S-state of the three-electron Li atom (or ∞ Li atom). As follows from Table 1 there are some substantial differences in the electron-nucleus and electronelectron distances r eN and r ee in the four-electron Li − ion and three-electron Li atom. For the Li − ion these distances are significantly larger than for the neutral Li atom. The same conclusion is correct for all positive powers of these inter-particle distances, i.e. for the r k eN and r k ee expectation values (here k is integer and k ≥ 2). For the negative powers of interparticle distances, i.e. for the r k eN and r k ee expectation values (here k is integer and k ≤ −1) the situation is opposite. This is an indication of the known fact that the Li − ion is a weakly-bound, four-electron system atomic system. This fact can be confirmed by calculation of the following dimensionless ratio
where E(Li − ) and E(Li) are the total energies of the negatively charged Li − ion in the ground 2 1 S-state and Li atom in the ground 2 2 S-state. A very small value of this parameter , which here is significantly less that 0.01 (or 1 %), is a strong indication that the Li − ion is an extremely weakly-bound atomic system. This allows one to represent the internal structure of the bound state in the Li − ion as a motion of one electron in the 'central' field created by the infinitely heavy Li atom. In other words, the electronic structure of this ion is 1s 2 2s 2 and one of the two outer-most electrons moves at very large distances from the central nucleus. In reality, this representation is only approximate, since, e.g., there is an exchange symmetry between two electrons in the 2s 2 shell. Nevertheless, such a 'cluster' structure can be useful to predict and explain a large number of bound state properties of the Li − ion. For instance, consider the expectation value of the inverse electron-nucleus distance, i.e. r
−1
eN . From the definition of this expectation value we write the following expression
where all expectation values in the right-hand side are determined without any additional symmetrization between four electrons. As mentioned above the Li − ion has a sharp cluster structure and its fourth electron is located on average far away from the central nucleus. This means that r −1 4N ≈ 0. In this case it follows from Eq. (11) that
where r −1 eN Li is the corresponding expectation value for the neutral Li-atom. It is clear that this equality is only approximate. Analogous approximate evaluations can be obtained for some other properties, e.g., for the expectation values of all deltafunctions and inverse powers of electron-nucleus and electron-electron distances. Table 1 contains a large number of bound state properties of the negatively charged Li − ion. Numerical values of these properties are of interest in various scientific and technical applications, including quite a few applications to electro-chemistry of the lithium and lithium-ion batteries. Our expectation values form a complete set of numerical values which can be useful in analysis of different macroscopic systems containing neutral lithium atoms and negatively charged lithium ions.
Accurate computations of the ground states in heavy three-electron ions
For three-electron atoms and ions one finds a large number of interesting problems which have not been solved in earlier studies. Here we consider the two following problems: (1) accurate computations of the ground state (2 2 S-state) energies for some heavy three-electron ions (Sc 18+ -Ni 25+ ), and (2) accurate numerical evaluation of some basic geometrical properties (expectation values) for these three-electron ions. In these computations we have assumed that all atomic nuclei are infinitely heavy.
Results of our computations of these ions (ground doublet 2 2 S-states) can be found in Table 2 (in atomic units). It should be mentioned that the overall accuracy of the variational expansion of six-dimensional gaussoids is substantially greater than the analogous accuracy achieved with a similar variational expansion for the four-electron atoms/ions. In reality, the accuracy of our procedure has been restricted by the doubleprecision accuracy of our optimization code and results in a maximal accuracy for the total energy of 3 × 10 −12 − 1 × 10 −13 a.u. This maximal accuracy was observed in bound state calculations of the heavy ions (all three-electron ions after Cl 14+ ).
Our current results (energies) obtained for heavy three-electron ions allow us to complete the table (published in [12] ) of the bound states energies of different fewelectron atomic systems (see Table 3 ). The original table in [12] was based on our highly accurate results for two-electron systems and also on the results from [8] and [13] for three-and four-electron atoms/ions, respectively. In general, the main idea from [12] works well for few-electron atoms and ions. However, the overall accuracy of our predictions for total energies of few-electron atomic systems is not very high, since the total energies of the four-electron atoms and ions have been determined [13] to the accuracy which is substantially lower than the analogous accuracy achieved for two-and three-electron atomic systems. For instance, by using data from the last column of Table 3 and asymptotic formulas for Q −1 expansion (see, e.g., [12] ) one can obtain only very approximate value of the total energy of the ∞ Li − ion. Furthermore, the total energies of some four-electron ions, e.g., in the case of Ar, differ substantially from numerical values known from other papers (see, e.g., [14] ).
Another aim of this study was to perform accurate numerical evaluations of bound state properties for a number of heavy three-electron ions. Here we chose the same multi-charged three-electron ions Sc 18+ -Ni 25+ in their ground doublet 2 2 S-states. Results of these calculations can be found in Table 2 (in atomic units), where a number of electron-electron and electron-nucleus r k i j expectation values (for k = −2, −1 and 1) are shown. As follows from Table 2 the computed expectation values smoothly vary with the electric charge of the atomic nucleus Q. In other words, these expectation values are uniform functions of Q. Formally, we can propose a number of relatively simple interpolation formulas (upon Q) for these expectation values.
On the half-life of the beryllium-7 isotope
Results of our accurate computations of the ground 2 1 S-state in the weakly-bound Li − ion indicate clearly that our variational expansion Eq. (3) is very effective in applications to four-electron atomic systems. In this Section we apply the same variational expansion, Eq. (3), to investigate another long-standing problem known in the atomic physics of four-electron atomic systems. Briefly, our goal is to explain variations of the half-life of the beryllium-7 isotope in different chemical environments. As follows from the results of numerous experiments, the half-life of the 7 Be isotope is 'chemically dependent', i.e. it varies by ≈0.5-5 % for different chemical compounds. This fact contradicts an old fundamental statement (see, e.g., [15] ) that actual decay rates of chemical isotopes cannot depend upon their chemical environments. This explains a substantial interest in chemical compounds which contain atoms of the beryllium-7 (or 7 Be) isotope. It should be mentioned that in modern laboratories different chemical compounds containing 7 Be atoms are not 'exotic' substances, since the nuclei of 7 Be are formed in the ( p; n)-and ( p; α)-reactions of the 7 Li and 10 B nuclei with the accelerated protons. A few other nuclear reactions involving nuclei of some light and intermediate elements, e.g., C, Al, Cu, Au, etc, also lead to the formation of 7 Be nuclei. In general, an isolated 7 Be nucleus decays by using a few different channels, the most important of which is the electron capture (or e − -capture) of one atomic electron from the internal 1s 2 -shell. The process is described by a simple atomic-nuclear equation 7 Be → 7 Li, where there is no free electron emitted after the process. During this process the maternal 7 Be nucleus is transformed into the 7 Li nucleus which can be found either in the ground state, or in the first excited state. The subsequent transition of the excited 7 Li * nucleus into its ground state 7 Li proceeds with the emission of a γ -quantum which has energy E γ ≈ 0.477 MeV. Such γ -quanta can easily be registered in modern experiments and this explains numerous applications of chemical compounds of 7 Be in radio-chemistry.
Let us discuss the process of the electron capture in the 7 Be-atom in detail. Assume for a moment that all 7 Be atoms decay by electron capture from the ground (atomic) 2 1 S-state. In this case, by using the expectation value of the electron-nucleus deltafunction δ(r eN ) computed for the ground 2 1 S-state of an isolated Be-atom we can write the following expression for the half-life τ of the 7 Be atom/isotope
where is the corresponding width and A is an additional factor which in principle depends on the given chemical compound of beryllium. The half-life τ determines the moment when 50 % of the incident 7 Be will have decayed by electron capture. An analytical formula for τ , Eq. (13), follows from the fact that the corresponding width = τ −1 must be proportional to the product of the expectation value of the electron-nucleus delta-function and an additional factor A. The expectation value of the electron-nucleus delta-function computed with the non-relativistic wave function determines the electron density at the surface of a sphere with the spatial radius R ≈ e =h m e c a 0 = αa 0 , where a 0 is the Bohr radius a 0 ≈h 2 m e e 2 (≈ 5.292 · 10 −9 cm), c is the speed of light and e is the Compton wave length. The 'constant' A in Eq. (13) represents an 'additional' probability for an electron (point particle) to penetrate from the distance R ≈ e = αa 0 to the surface of the nucleus R N ≈ 1 · 10 −13 cm. A numerical value of A can be evaluated by assuming that the mean half-life of the 7 Be-atom in its ground 2 1 S-state equals 53.60 days and by using our best expectation value obtained for the expectation value of the electron-nucleus deltafunction δ(r eN ) ≈ 8.82515 a.u., one finds that ≈ 2.1593422 × 10 −7 s −1 . From here we find that the factor A in Eq. (13) equals
where the expectation value δ(r eN ) must be taken in atomic units. As follows from numerous experiments the mean life-timed of chemical compounds which contain some 7 Be-atom(s) are ≈53-54 days. This means that the 'constant' A varies slowly in actual molecules. This allows us to write the following approximate formula for the ratio of half-life of the two different molecules X(Be) and Y(Be) which contain 7 Be atoms
Let us apply this formula to the case when one of the 7 Be-atoms is in the ground 2 1 S-state, while another such an atom is in the triplet 2 3 S-state. The expectation value of the δ eN -function for the ground state in the Be-atom is given above, while for the triplet state we have δ(r eN ) ≈ 8.739558 a.u. Both these expectation values were determined in our highly accurate computations of the ground 2 1 S-and 2 3 S-state in the four-electron Be atom. With these numerical values one finds from Eq. (15) that the half-life of the 7 Be atom in its triplet 2 3 S-state is 1.009794 times (or by ≈1 %) longer than the corresponding half-life of the 7 Be atom in its ground singlet 2 1 S-state. This simple example includes two different bound states in an isolated 7 Be-atom. In general, by using the formula Eq. (15) we can approximately evaluate the half-life of the 7 Be atoms in different molecules and compounds. The formula Eq. (15) can be applied, e.g., to BeO, BeC 2 , BeH 2 and many other beryllium compounds, including beryllium-hydrogen polymers, e.g., Be n H 2n for n ≈ 100-1000 (see, e.g., [16] [17] [18] [19] and references therein).
As is well known from atomic physics, the electronic structure of the excited bound states of the four-electron Be-atom(s) is 1s 2 2sn (or 1s 2 2s 1 n 1 ), where ≥ 0 and n ≥ 3. In general, such an excited state arises after excitation of a single electron from the 1s 2 2s 2 electron configuration, which correspond to the ground state, or 'core', for short. It is clear that the final 1s 2 2s 1 n 1 configuration is the result of a single electron excitation 2s → n . All other states with excitation(s) of two and more electrons from the core are unbound. In general, a very substantial contribution (≥95 %) to the expectation value of the electron-nucleus delta-function comes from the two internal electrons (or 1s 2 -electrons) of the Be-atom. Briefly this means that the expectation value of the electron-nucleus delta-function is almost the same for all molecules which contain the bound Be-atom. Variations in 3-6 % are possible and they are related with the contribution of the two outer-most electrons in the expectation value of the electron-nucleus delta-function δ(r eN ) . As follows from computational results the overall contribution from two outer-most electrons is only 3-6 % of the total numerical value. This means that variations in the chemical environment of one 7 Be atom can change the half-life of this atom by a factor of 1.03 to 1.06 (maximum). In reality, such changes are significantly smaller, but they can be noticed in modern experiments.
It is interesting to note that analogous result (3-6 % differences as maximum) can be predicted for other nuclear processes which are influenced by variations in the chemical environment, e.g., for the excitation of the 235 U nucleus which also depends upon chemical environment [20] [21] [22] [23] . It is well known (see, e.g., [22] ) that the 235 U nucleus has an excited state with the energy ≈75-77 eV . There is no such level in the 234 U, 236 U and 238 U nuclei. Nuclear properties of the ground and first excited states in the 235 U nucleus differ substantially. Moreover, by changing the actual chemical environment of the 235 U atom we can change the probabilities of excitation of the central nucleus, e.g., by using different alloys of uranium, in order to change and even control nuclear properties. For instance, this approach can be used to achieve and even exceed critical conditions with respect to neutron fission. Theoretical evaluations and preliminary experiments show that possible changes in nuclear properties of different compounds of uranium-235 do not exceed 3-6 %. It is very likely that 3-6 % is the upper limit of influence of atomic (and molecular) properties on the nuclear properties of different isotopes. On the other hand, possible changes in atomic and molecular properties produced by processes, reactions and decays in atomic nuclei are always significant.
Thus, if we know the expectation value of the electron-nucleus delta-function for the beryllium-7 atom within some molecule with other chemical elements, then we can evaluate the corresponding half-life of such an atom with respect to electron capture. Currently, however, this problem can be solved only approximately, since there are quite a few difficulties in accurate computations of complex molecules as well as in actual experiments, since, e.g., the exact value of the constant A in Eq. (13) is not known. In other words, we cannot be sure that the experimental half-life mentioned above (53.60 days) corresponds to the electron capture in the ground 2 1 Sstate of an isolated 7 Be atom. In fact, it is not clear what chemical compounds were used (and at what conditions) to obtain this half-life. Very likely, we are dealing with some 'averaged' value determined for a mixture of different molecules. It is clear that improving the overall experimental accuracy and purity of future experiments is critical. The accuracy of future theoretical computations could also be improved. First of all, we need to focus on accurate expectation values of the electron-nucleus delta-function δ(r eN ) , rather than just accurate values of the total energy. Then the formula, Eq. (15), can be used to determine the actual life-times of the 7 Be atoms, which are included in different chemical compounds.
Li − ion is of interest since the formation of the negatively charged Li − ions plays an important role in modern lithium and lithium-ion batteries [24] [25] [26] . Expectation values of different properties determined in this study are sufficient for all current and anticipated future experimental needs. As follows from the results of our calculations the Li − ion is a weakly-bound atomic system which has only one bound 2 2 S-state. The internal structure of this state is represented as a motion of one 'almost free' electron in the field of a heavy atomic cluster which is the neutral Li atom in its ground 2 2 Sstate. The computed expectation values of the bound state properties of the Li − ion in the ground 2 1 S-state and the neutral Li atom in the ground 2 2 S-state support such a picture. Moreover, the whole internal structure of the Li − ion could be reconstructed to very good accuracy if we knew the model potential between an electron and neutral Li atom. This corresponds to the two-body approximation which is often used for weakly bound few-body systems. An accurate reconstruction of such a model e − -Li interaction potential should be a goal of future research. The same model potential could then be used to obtain the cross-section of the elastic scattering (at relatively small energies) for the electron-lithium scattering.
It should be mentioned that the negatively charged 6 Li − ion is of interest for possible creation and observation of an unstable (three-electron) 4 He − ion which is formed in one of the channels of the reaction of the 6 Li − ion with slow neutrons, e.g., 6 Li − + n = 4 He
Preliminary evaluations indicate that the probability of formation of the 4 He − ion in this reaction is ≈ 0.02-0.04 %. Nevertheless, this nuclear reaction of the 6 Li − ion with slow neutrons has a very large cross-section and it can be used to produce the negatively charged He − ion which is unstable and decays into the neutral He atom with the emission of one electron. Other approaches to create relatively large numbers of the negatively charged 4 He − ions have failed.
We also investigated the situation of experimental variations of the half-life of the beryllium-7 isotope placed in different chemical environments. Since the middle of the 1930s this interesting problem has attracted significant experimental and theoretical attention. It is shown here that the half-life of the beryllium-7 isotope in different chemical environments may vary by 3-6 % (maximum). A central computational part of this problem is to determine to high accuracy the electron-nucleus delta-function of the Be-atom placed in different molecules, 'quasi-metalic' alloys and other chemical compounds. The currently achieved accuracy is not sufficient to make accurate predictions of the half-life of the beryllium-7 atom in many molecules. Another part of the solution is to improve the accuracy and the purity of the chemical environment in all experiments performed with different molecules which include atoms of beryllium-7.
of the scalar products of the vectors of electron's momenta p i (i = 1, . . . , K ) with the electron's momenta p i ( j = i and j = 1, . . . , K ) and with the momentum of the nucleus p N are simply related with the expectation values of the single-electron kinetic energy and kinetic energy of the atomic nucleus:
where K (≥ 2) is the total number of electrons in atom, p i · p j is the scalar product of the two electron momenta (i = j), while p i · p N is the scalar product of the momenta of the atomic nucleus and electron (with index i). Since the electron's indexes can be chosen arbitrarily, we can replace the scalar products in Eqs. (17)- (18) by the p 1 ·p 2 and p 1 ·p N expectation values, respectively. In general, these two expectation values determine the electron-electron and electron-nucleus kinematic correlations in few-and many-electron atoms. In Eqs. (17) and (18) Table 1 . Also, it is interesting to note that the nuclear charge Q is not included in Eqs. (17)- (18) . This means that Eqs. (17)- (18) can be applied to an arbitrary Kelectron atom, or positively/negatively charged ion. For two-electron atomic systems we have K = 2 and Eqs. (17)- (18) mentioned above take the well known form (see, e.g., [27, 28] )
